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SUMMARY 

PROBLEM 

Ex»/nine  ih*  retpome  cf  the  adaptive  line  canceller  and  ennancer  (ALICE)  proceaaor 
to  inputs  v/hich  contain  sinusoidal  interference  in  uncorreiated  noise. 

RESULTS 

It  was  found  that  under  certain  conditions  the  steady-state  output  power  spectrum 
of  ALICE  contains  peaks  at  the  frequencies  of  the  interferint  sinusoids.  The  growth  time  of 
these  peaks  i'.;  generally  much  longer  than  the  ALICE'S  responie  time  to  a signal.  Once  these 
peaks  appear  at  ti'«  interference  frequencies,  their  presence  can  interfere  with  the  detection 
of  other  signal  peaks  in  the  output  power  spectrum. 

Different  methods  of  eliminating  these  peaks  were  examined: 

1 . Increasing  the  ALE  delay  to  decorrelate  the  notch 

2.  Increasing  the  notch  width 

3.  Adding  uncorrelated  noise  to  the  ALE  input 

Experimental  data  were  generated  to  indicate  the  validity  of  these  analyses. 
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INTRODUCTION 


It  u rre«|uently  of  interest  to  detect  the  presence  of  narrowband  signals  which  are 
corrupted  h>  broadband  noise  and  narrowband  interfercncM.  Since  the  center  frequencies 
of  the  signals  and  the  narrowband  interferences  may  not  be  known  precisely  and  may  pos- 
sibly dhft.  bandpass  and  notch  lilten,  whose  frequency  response  characteristics  can  continu- 
ally adapt  to  provide  simultaneous  adaptive  enhancement  of  the  signals  and  adaptive  cancel- 
lation of  the  narrowband  interferences,  are  of  interest. 

A promising  implementation  of  such  an  adaptive  processor  uaes  the  Widrow-Hoff 
LMS  algonthm,  and  consists  of  an  adaptive  noise  canceller  ( ANC>  followed  by  an  adaptive 
line  enhancer  <ALb I (references  I through  4).  This  implementation  (rigure  I ) is  referred 
to  as  an  adaptive  hne  canceller  and  enhar:cer  (ALICE)  processor  (references  5 and  6). 

The  primary  input  to  ALICE,  xOl.  consists  of  narrowband  signals  as  well  as  broadband  and 
narrowband  .loise:  the  reference  input  to  ALICE,  x^Cj),  consists  of  narrowband  components 
at  all  frequencies  where  narrowbard  interference  is  expected  to  occur.  In  genera!,  the 
primary  input  will  contain  interferenc*e  at  some,  but  not  all,  frequencies  present  in  the  ref- 
erence input.  The  output  of  the  ANC,  q(j),  is  narrowband  signals,  broadoand  noise,  aiid 
notches  at  the  frequencies  of  the  narrowband  components  in  the  reference  input.  A typical 
plot  of  the  power  spectral  densities  of  xOL  and  qO).  S^((u)  is  in  figure  2. 
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Figun  I . ALICE  prooaisor. 


The  output  of  the  ALE  and  ALICE.  y(i).  kteiMy  ixMiaists  only  of  the  narrowband 
aignak.  in  pnctlei.  however,  two  facton  oonnecled  with  the  ALE  prevent  ALICE  from 
kt*aMbf  Re  ideal  perfonsaNoe.  The  flrae  factor,  the  waight  vactor  noiaa  occunhii  in  the 
ALE,  arim  froui  fiadiaiit  fethnatioii  aieore  in  tire  Wid7ow4ioff  Uf  S algorithm  (raformces  2 
and  7).  (Tha  afVecti  of  weight  vector  aoiee  on  the  power  ^^trai  density  of  y(J).  are 
diicuwed  in  more  detail  on  pages  22  lu  2S.)  Tht  second  factor  it  mote  Oindamentid  and  u 
directly  ralMad  to  tha  haste  goal  of  tha  ALE.  Aa  dkeuered  hy  a nunbar  of  authon  (refer- 
encee  3, 4, 1. 9, 10. 1 1.  and  I2i,  the  ALE  k an  adaptrre  iinpkAantatioA  oi  « linear 
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PigMi*  2.  PkM  of  tlM  ANC  Md  OMifiM  pOMtr  ^octm,  Sx(w)  wd  S^w),  icytcthwty.  Tht  mu 

wolupit of tiN Input d|Ml.i«(4rfctwiio«.aadaoiH«M»nOj6,OA,Mid  t.Ov.mpaciirv^y.  (Douwoit 
cbtainud  fraia  • hudware  liiipItMuutlaii  of  ALICS  (hui«  u N(WC)  wing  n 2S6-v9l^t  ANC  mi  a 
2S6^«wi#t  ALB.) 


predtctiofl  filter  which  attempt*  to  estiinate  the  input  step*  into  the  future.  (The  pre- 
diction distance  L is  refetrod  to  m Che  bulk  delay  of  the  AIJE.)  Therefore,  the  bask  gool 
is  prediction.  When  the  input  to  the  ALE  consists  of  sinusoidal  signals  in  noise,  which  lias 
an  appeorUmstah*  flat  power  spectral  density,  the  goelof  piediction  k oonditent  with  form 
ing  bwMlpejs  IBters  at  ibt  siausoM  ftequenciss  (sefcwnoss  2,  .i,  4,  and  11).  Tkerafbre,  the 
ALE  ef!bctw»!ly  Mtm  the  neise  ftom  ths  lirwli  fat  these  ecssa.  tiowrser.  when  the  beck- 
ffound  noise  k not  a flat  pcwsr  speetstam,  ths  tsheeioc  of  baa  ALE  can  di^wt  draatisaEy 
ftcCT  siropis  baratpaas  BItwteitt  thealcna)  fieqiiawcisa  la  poftkulcr,  erhen  ths  powrr 
spectnim  of  tht  input  backpound  mdse  eontsina  notches  wideh  h;>«e  been  wonted  ns  a 
lesdt  of  canoePinc  nrawedwnd  hitsrftraam,  sa  In  ths  cess  of  ths  ALICE  pwcsssor,  ths 
A w£  output  power  apeetium  mey  contain  uadsihnd  peaks  at  the  fiequendsa  of  the 


notches.  This  is  cleaiiy  scon  in  (Ifuie  3 where  the  output  power  spectium  of  the  ALE, 


Sy(u)K  IS  Dlott«d  in  accot^ancn  «^th  the  input  power  spectrum,  Sq(u)),  in  Hgure  2.  The 
enhanced  signal  is  claaily  evident  in  the  ALE  output  and  a peak  is  also  evident  ths 
frequency  of  the  notch.  The  pr*!aence  o**  this  peak  is  n consequence  of  the  behavior  of 
linear  predictson  fUlen  to  input  spectra  which  contain  notches  or  zeroes. 
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Figure  3 Rot  of  the  ALE  output  power  spsctruin.  Sytu),  when  the  ii^ut  power  spectrum  contains 
a notch  and  the  ALE  law’iudi  ^ ^ notch.  ( All  parameters  srv  as  in  figure  2. ) 


It » the  puipoaa  of  thia  report  to  exaMine  analytically  and  ex?aciincntaliy  the 
raspooM  of  ALICE  to  htpul  iipactra  which  oonUhi  #«tiacl<Lil  intarfesonesa  in  unconelated 
noiao.  In  partlcukr.  it  h ritoara  in  the  acs.t  ernioii  that  srknn  hnuaoidal  intrrfeiw  tees  ore 
ptMaat  in  tha  prtminy  ioiMit  to  ALICE  the  ANC  ragponda by  foradosa  notch  at  the 
ftoqaency  cf  tha  interfraaocc.  which  can,  lu  Uim,  prodMce  itndrainihle  paoka  in  th.^  power 
ipectnuu  of  the  A4.SCE  vtutput  at  the  llriqsianriitinof  d«e  nntdiaa.  (t  h atec  Aown  attalyti* 
c^y  and  aaparicnontaly  thrt  the  gra  sration  of  isttna  peaka  In  tSra  ALE  output  can  be 
pemntad  by  peopat  aakclian  of  ALE  ad  ANC  pamaalan. 
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RESPONSE  OF  ALICE  PROCESSOR  TO  SINUSOIDAL  INTERFERENCE 
IN  UNCORRELATED  NOISE 

ANC  RESPONSE  TO  SINUSOIDAL  INTERFERENCE 

As  previously  uiscusaed.  the  ALICE  procesMr  » usually  faced  with  the  taak  of 
simultaneously  cancelling  nanx>wband  interferences  and  enhancing  narrowband  signals 
wi'iich  are  immersed  in  broadband  noise.  In  this  section,  we  will  be  pr*  narily  conotmcd 
with  the  noiae-canceiling  capabilities  of  ALICE,  in  particular,  the  power  spectral  deraiity 
of  the  ALICE  output,  Sy(cj),  will  be  derived  when  the  primary  input  to  ALICE.  x(iK 
contains  an  inteitering  sinusoid  as  well  as  uncorrelated  noise.  The  reference  input, 
is  as-sumed  to  contain  a noise-frer  copy  of  the  interfering  sinusoid.  The  case  where  signals 
anr  also  present  in  the  primary  input  will  not  be  treated  in  this  repnit.* 

To  examine  the  ALICE  output  power  spectrum,  the  response  of  the  ANC  to  a 
sinusoidal  interference  in  broadband  noise  must  first  be  determined.  Glover  (reference  1 1 
‘•as  given  a complete  analytical  treatment  of  the  ANC  response  when  x,^Koniains  a 
noise-free  copy  of  the  interfering  sinusoid,  i.e.,  when 

x^)*  Ceos  (1) 

In  eu,uaUon  ( 1 ).  cUf  represents  the  frequency  of  the  interfering  sinusoid  (normalixed  to  the 
sample  frequency,  i.e.,  (j|-  * ^effT,  where  fr  is  the  sinusoid  frequency  in  hertz  and  T is  the 
sampling  interval  in  secoads)  and  C is  the  ampniude  of  the  inurferins  sinusoid.  Glover  !«•« 
shown  that  to  a good  approximation  the  ANC  will  form  a narrow  notch  fUte:  with  the 
transfer  function,  (from  x to  q in  figure  i>,  given  by 

(z  - ej*^r)  (I  _ e-jwr) 

»ANC'<')  - “Tz—z^ni^r"  <2) 


where 

(3) 

and 

^ nmanc  y 


* If  tha  dgnal  fiKTqMaciat  are  sspaeatai  by  at  lami  tha  flRar  maMon  of  tha  ALfi.  AUCR  wH.  to  a gaod 
agpioxhiiairiea.  laifcad  jndapaadantly  to  tba  algnala.  For  a aaoie  r nmglata  tiaatiaaait  of  tba  AIR  raaprena 
to  riwhiyb  agaab  w ewjfbwf  notes,  rNbr  to  laRienoaa  3 and  i I. 
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Ill  eqiuUcM  44>.  N u.  tlir  iHMiibcr  of  ANC  filter  weiglitB  and  adaptation  constant 

€rf  the  ANT  iiefeicnces  i and  The  diptnl  Iraquency  lespcwwe  of  the  ANC  can  be  found 
b>  plottuqi  IHam'  «eN^i:  for  values  of  w from  0 to  ».  A typical  plot  of  ^ 

pfeemted  m fipirr  4 It  n mportant  to  note  (equation  (2)>  that  for  a noise-free  sinusoidal 
vferenoc  the  frequency  inponae  of  the  AMC  equals  zero  at  w * luy  i.e.. 


w/a* 


For  the  case  of  sinusoidal  inlerfertnce  and  uncorreiaied  noise  in  the  primary  input. 
S^(w)  is  given  by 

-» 

: K 

■ Uq  + I 8(u)  - cjj.)  6(u>  (7) 


In  equation  (7),  oq  is  the  white  noise  power,  o~  represents  the  power  of  the  sinusoidal 
interference  in  the  primary  channel,  and  6 < * ) represents  a Dirac  delta  function  whK'h  has 
the  following  properties  (reference  13); 


6(x  - xq)  d(x)  dx  * ptxQ) 


d(x)  6(x  - xq)  ’ ^Xq)  8(x  - Xq).  (9) 

In  e<]uations  (8)  and  {^),  ^x)  is  any  function  that  is  continuous  at  x > Xq  and  C is  any 
interval  that  contains  the  point  x « xq.  From  equations  ($),  (6),  (7),  and  (*)),  the  power 
spectral  density  of  the  ALE  input  is  given  by 

Sq<cj)»05  iH^Nc^eJ*^')  I-.  (10) 

Equation  ( iO)  shows  that,  if  there  is  perfect  ANC  cancellation  at  w ■ u)p  the  input  power 
spectrum  to  the  ALE  will  consist  of  a notched  noise  spectrum.  A typical  plot  of  Sqlcu)  is 
in  figure  5.  Because  of  lioiae  sourccS  such  as  quantuaticn.  ! • will  not 

exactly  equal  zero  and,  therefore,  the  ANC  will  not  completely  cancel  the  interfering 
sinusoid.  However,  in  most  situationt,  such  a vnall  amoimt  of  the  interference  gets  through 
to  the  ANC  output  that  equation  ( 10)  provides  a good  approximation  to  the  ALE  input 
power  spectrum. 


ALE  RESPONSE  TO  NOTCHED  INPUT  NOISE  SPECTRUM:  WIENER  SOLUTION 

As  previouaiy  discusaed,  the  ALE  is  an  adaptive  implementation  of  a linear  predict- 
ive fUter.  The  ALE  uses  the  Widrow-HofT  LNS  algotithm  to  update  continually  its  filter 
weights  (reference  8): 

wiffi-*-  !)■  W|j0)  + 2*iy^ 


-q(j-A-k)  I q(i-A-t)W{(f!)).  k-0,  1 L-1 

|«0  * 


8 


s'!3(rv»"r  - 


I 

f 
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Figure  5.  Theoretical  plot  ot  ihe  ALE  input  power  spectrum, Sq(ui),  for  ^ !.0  aijd  ^ * 0.05. 


where  wj^O)  is  'he  jth  update  of  the  kth  weight  of  the  ALE,  MALE  ^ adaptation  con- 
stant of  the  ALE,  and  L snd  A are,  respectively,  the  number  of  ALE  weights  and  the 
ALE  delay  (or  prediction  distance).  (A  number  of  the  properties  of  equation  ( 1 1 ) is 
discussed  in  references  2 through  4 and  7 through  1 2.)  The.  particular  property  of 
equation  (11)  which  is  needed  in  this  section  concerns  convergence.  In  particular,  it  has 
been  shown  in  references  8, 9,  and  14  that  for  uncorrelated  stationary  inputs  the  expected 


value  of  w]((j)  converges  to  the  solution  of  the  Wiener-Hopf  matrix  equation,  if 
0 < male  ^/^max>  where  largest  eigenvalue  of  the  data  autocorrelation 

matrix ; 

Urn  Elwjj(j)i  “ w*  k - 0, 1,. ..  ,L- 1 . (12) 

j -►  oo 

* 

In  equation  ( 1 2)  E [ * 1 denotes  expectation  aitd  is  the  k^  component  of  the 
L-dimensional  vector  W*,  which  is  the  solution  of  the  Wiener-Hopf  matrix-equation: 

R * W*  - P . (13) 

In  equation  (13)  g is  the  L X L data  autocorrelation  matrix  with  elements  (j^i^  * p(S-k), 
where  p(S)  ■ E(q0)q0  <^)]  t*  the  autocorrelation  function  for  qO),  and,£  is  the  L-dimen- 
sional vector  with  components  (P)|(  ■ M(k  A).  It  is  noted  that  p(fi)  may  be  obtained  from 
Sq(cu)  throu^  the  transformation 
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(14) 


Since  the  power  spectral  density  of  q in  equation  (10)  will  closely  resemble  that 
of  uncorrelated  noise,  the  uncorrelated  property  of  q(j)  is  a good  assumption,  if  0 < 1 . 
Therefore,  the  analysis  of  equation  (13)  wdl  provide  a good  description  of  the  mean 
steady-state  behavior  of  the  ALE.  The  effects  of  weight  vector  noise,  as  well  as  the  transient 
behavior  of  the  ALE  for  a stationary  input  with  a power  spectrum  given  by  equation  (10), 
are  discussed  on  pages  22  tt’fough  25. 

An  analytical  technique  which  cun  be  used  to  solve  equation  ( 13)  is  discussed  in 
reference  1 5.  However,  before  directly  applying  this  technique  to  equation  (13)  with  p(8) 
given  by  equations  (14)  and  (10),  it  is  useful  to  replace  Sq(a))  in  equation  (14)  with  S^(w): 

cc . > = 2 _(ej‘*^  - eiwr)  

q'‘*^  °Q  (gjw  - 

(15) 

2 « 1 -cos(Wj-w) 

a Q — 

0 cosh  P - cos  (cjf  - w) 

A typical  plot  of  Sq(u))  is  in  figure  6.  A comparison  of  figures  S and  6 shows  that,  if  cJ|-  is 
not  too  close  to  zero  and  if  0 •<  1 , Sq(tj)  is  a good  approximation  to  Sq((u)  for  cu  > 0.  The 
solution  of  equation  (13)  for  wjj  witn  Sn(<u)  in  equation  (14)  replaced  oy  SqCcj)  is  much 
more  amenable  to  analysis  than  when  p^)  is  computed  directly  from  equation  (14).  Fu^ 
thermore,  since  Sq(cu)  is  a good  approximation  to  Sq(.o>)  (especially  in  the  vicinity  of 
« cjf),  it  is  expected  that  the  behavior  of  iH*(w)T  near  w ■ where 


L-1 

k-0 

can  be  described  to  a good  nipfoximation  when  Sq  (to)  is  used  to  compute  p(fi).  Therefore, 
to  gain  insight  into  the  steady-state  behavior  of  the  ALE  for  a not  died  input  noise  spectrum, 
we  will  consider  the  solution  of  equation  (13)  when  o(£)  is  derived  from  equation  (14)  with 
Sq(u>)  replaced  by  equation  (15). 

For  this  case,  pffi)  is  given  by 


[ Sq(w)oi<*»*d« 
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• 0.2  I 


Fifure  6.  Plot  of  the  approxitnetion,  S^(co.),  to  the  true  ALE  Input  power  ipectrum.  Oq  ” LO  and  fi  • 0.05. 

Equation  (13)  can  now  be  solved  by  the  method  of  undef ermine  j coefficients  (reference 
1 5)  In  particular,  since  Sq(cu)  ha*!  two  zeroes,  both  at  cu  ■ cUf  (as  seen  in  equation  ( 1 5)), 
we  can  assume  a solution  for  wj^  (corresponding  to  the  treatment  in  reference  IS): 

wj  ■ Ae^‘**r‘‘ + . (18) 

The  constants  A and  B can  be  deteimined  by  subatituiion  of  equation  ( 1 8)  into  equation 
(13).  The  result  is 

(L  (cosh  d - 1)  + sinh  d)  (1  - 

(19) 

B - 2(l>coahd)^e"<^^-*-i<«>rA 

(L(coihd-  l)  + 8inhd)(l  -e''^ 

For  d < 1.  equation  (18)  is  given  to  a good  approximation  by 

'*k  A "OT^j  r ( (L  ~ 1 ) -H ) - ditei***!*  I , g < 1 (20) 


Equation  (20)  is  the  expreaaion  for  the  impulie  reiponsc  of  the  Wiener  filter  to  a 
notdied  input  spectrum  given  by  equation  (IS).  To  obtain  a better  penpeotive  on  the 
implicaticn  of  equation  (20),  the  square  of  the  frequency  response,  ( H*((o)  I must  be 
examined.  From  equations  (16)  and  (20)  we  have 


IH*(w)|2 


where 


/(L0/2)+ 1)2  [V2  / L ^ 

(CUf-to)  I’l 


(»l(u')  ' 


iin  <jJl2 


w # 0 


: {*» » 0 


cos  u>ll2  sin  to/2  - sin  utin 
dp,  2 iin2  cu/2 

P'l  (w)S  L n 

0;w«0. 


: to#  0 


Equation  (21)  may  be  further  simplified  for  L>  1 : 

lH*(«)<2ai^  e“20A  "’)‘2  w)j  2 

(24) 

fi<  i;L>  1. 

The  conditions  fi  < 1 and  L>  1 are  excellent  approximations  for  the  purposes  of  this  study 
and  will  therefore  be  assumed  in  the  subsequent  formulae.  In  fifuro  7,  a typical  plot  of 
IH*(w)|2  from  equation  (24)  is  shown.  Alio,  forsake  of  comparison,  a plot  of  |H*((«))i2, 
calculated  using  the  res)  autocorreUition  functiem,  p(£),  derived  f'om  Sqftu),  is  also  shown. 
As  expected,  there  is  little  difTerenoe  between  the  two  plots  in  the  vichuty  of  cu  ■ Uf.  An 
interesting  feature  in  figure  7 is  the  very  large  pcidc  value  of  |H*((u)|2  at  the  notch  frequen- 
cy. The  Umitiiig  value  of  this  pe^  for  large  L ia  ghran  by 

2 

I H*  (to,.)  1 2 - O (25) 


1 


(from  equation  (24)).  EquaUoit  (25)  diows  that  the  aquan  of  the  fieuianci  reqmnsa  cf 
a linear  prediction  (Uter  to  a notchad  input  apactnun  inenasas  wiidi  at  frequmey 
ofthenotch.  This  reault  lain  drastic  oontraat  to  tht  frequency  wapunaa  <rf  a linaar  >!» 
diction  nitar  to  an  hqnrt  ipectnnn  wMi  a simuoid  and  Nnadbaikdi  noiaa.  in  the  lattar 
caaa.  die  Ihniting  value  of  the  fraqueney  raaponaa  at  dia  tbiuaoU  frequency  approai^ 

1 for  large  L (lefermcaa  3, 4, 9, 10,  and  1 }> 
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Plfttm  1.  Tb«oi«tkal  (lot  of  tht  tquaic  sA  tho  •voripd.  ALE  fioquMcy  mpoiM 

(cmnipoadini  to  both  complex  md  imI  MitooontlatkM  AmcUoqi  for  the  ALE  input,  p(S))> 
il ■ 0.0S,  L - 300, and • I. 


The«  two  quite  differont  rcepouwt  of  linear  prediction  fUten  to  notches  and  ainua* 
oidi  nan  be  understood  intuitively  from  the  ’Vhitenl^”  filter  interpretation  of  a linear 
prediction  filter.  Briefly,  it  lun  bent  iliown,  e.#.,  refetence  16,  that  when  A ■ 1 the  enor 
output  seqwinoe  from  a linear  prediction  Alter,  which  ia  the  input  aequenoe  leas  the  output 
tnquenoe  from  the  predietiott  filter,  la  approximately  onoorrelated  in  the  IhnU  of  larie  L 
llieiefore.  the  power  apeeSnim  of  the  pnidiction  Alter  error  aequenoe  iaepproxtanetely  flat. 
Peaoodi  and  Tieitd  (reference  16) have  thiMvn  that  when  L ia  taipa  and  1 


I1-H*(w)|2 


^min 
S(<vi  ’ 


(26) 
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when  it  the  minimum>inMnHquare  error  of  the  prediction  filter  end  S(cj)  denotes 
the  power  spectrunr  of  the  input.  There  are  other  ways  of  derivint  equation  (26),  and  the 
reader  is  referred  tc  refcitncet  9,  10,  17,  and  18  for  a more  complete  discussion.  The 
important  point,  how,nrer,  is  that  when  the  input  spectrum  in  equation  (26)  containis  a 
notch  at  'ome  frequency,  . the  denominator  on  the  right  side  becomes  very  small  at 
w * cj.,  depending  on  the  notch  depth.  Therefore,  I H*(<Of)  I must  become  correspondingly 
larfe.  vice  versa,  when  the  input  spectrum  contains  a sinusoid  at  some  frequency,  cjq,  the 
denominator  on  the  right  side  becomes  very  large  at  u>  ■ <*>0  and  H*(<a)o)  must  approach 
one.  It  is  interesting  to  note  that  with  respect  to  the  peak  value  of  |H*((m)|  at  cj  * c^t- 
or  u}Q,  a prediction  filter  can  respond  much  more  strongly  to  notches  than  to  signals.  It 
should  also  be  noted  that  althou^  tho  “whitening’*  filter  argument  only  applies  when 
A » I , it  does  provide  an  indication  of  the  behavior  of  I H*  (cu)  I near  the  notch  frequency, 
even  when  A > 1.  (Indeed, is  in  equation  (24),  the  parameter  A enters  into  the 
expression  for  i H*  (co)lon!y  throi^h  the  scaUng  factor,  e"^,  which  drives  the  frequency 
response  to  zero  ss  A <>•.) 

To  appreciate  more  fully  the  implications  of  the  above  results  as  applied  to  the 
ALICE  processor,  it  is  important  to  derive  the  ALICE  output  power  spectral  density  Sy(iu). 
For  the  case  of  negligible  ALE  weight  vector  noise,  i.e.,  M^LE"^#  Sy(cj)  is  obtained  to  s 
good  approximation  from  ' ^ 

Sy(w)»  lH*(w)l^  Sq,w).  (27) 

Since  we  are  only  interested  in  the  behavior  of  Sy(<u)  in  the  vicinity  of  cu  • tUp 
equation  (27)  may  be  approximated  by 


Sy(w)n'  IH*  (w)l^  S®(w),  (28) 

where  I H*(cj)|2  u computed  from  equation  (24).  By  substituting  equations  (IS)  and 
(24)  into  equation  (28): 


. 52  oi 

V**J)*T  i+(u2/2)-oos(w,-w) 


XL  <“r  " 


(29) 


where 


Xl(“)" 


uL 

2 


(L  coe  uL/2  ain  ii/2  - ua  uL/2  eoa  0^2)2 

(Le.3r*)2|fc,2tt/2 


0 ; u • 0. 


;tt#0 


(30) 
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From  equations  (29)  sTKt  (30)  it  is  seen  that  Sy(w)  can  be  exprened  as  a product  of  the 
envelope  function. 


w)  2 1 + ~ cos  ((«>,  - w) 


and  the  cadUatory  (Unction,  ~ 


Aplotof  Fp(u)  snd  *•  equation 

(3 1 ),  the  shape  of  the  envelope  function,  F^(u),  is  seen  to  resemble  closely  t5;at  of  the 
power  spectrum  of  a finite  bandwidth  signal  whose  bandwidth  is  proportional  to  fi.  The 
peak  of  F^u)  at  u ■ 0 is  given  by 


F||<w,-wl 


__  Xitw.-w) 


0,e  w/>r 


PigiMS  I.  Plot  of  tha  envelops  .'•metioB.  •>  w),  and  dM  oedOatoiy  (Unction.  XL  ' ^>- 
d * 0 0$.  L - 200.  ol«  I X>.  and  A - I . 


IS 


(32) 


2 

(from  equation  (3 1 )).  Note  that  the  maximum  of  F^(u)  approaches  oq  for  small  fi  and 
Based  on  data  from  Hfure  8 and  equation  (30).  the  oacillatory  function.  xl(u)>  is  se*"  (o 
oscillate  uniformly  for  values  of  u which  are  outside  the  interval,  |u|  ^ 2*/L.  inside  this 
interval.  X|[^<u)  peaks  to  a maximum  at  u <■  tr/L.  whidt  is  approximately  given  by 

XL  (»/L)  ^ 1 + 4/*^  1 .4  (33) 

for  L > ^ . it  then  drops  to  zero  at  u ■ 0.  From  equation  (30)  it  is  seen  that  XL^^) 

converges  pointwisc  to  the  following  limiting  function  for  large  L: 

L>  f > u=**'0 

Xl(u)  — ► (34) 

0 ; u • 0. 

A plot  of  the  product  of  F^  and  XL*  Sy(w),  is  in  Figure  9.  It  follows  from  equa- 
tions (29)  and  (34)  that,  in  the  limit  of  large  L.  Sy(w)  converges  pointwiae  to  the  envelope 
function,  i.e.. 


S (w)  ^ (35) 

0 o • u)j.. 

In  the  vidriity  of  u)  ■ Wp  Sy(cj)  pe«ki  to  a maximum  which  ia  approximately  given  by 

Sy(«,±»/L)  » 1.4oQe~2tfA  (36) 

(from  equatliona  (32)  and  (33)).  Therefore,  if  the  effectt  of  weight  vector  noire  are 
neglected,  the  ALE  and  ALICE  output  power  q>ectra  will  cloaely  reacmble  thoae  of  a 
Tuiite  bandwidth  aignal,  when  the  input  to  the  ALE  haa  a notch^.  flat  power  spectrum. 
However,  there  is  an  exception  in  the  vicinity  of  u>  ■ u)p  where  Sy(cj)  peaks  to  a maximum 
at  I b)  • I <■  ff/L  (given  approximately  by  equation  (36))  and  then  drops  to  zero  at 
ui  • L}j.  This  behavior  is  atm  exident  in  figure  9. 

TECHNIQUES  TO  EUMINATE  PEAK  IN  AUCE  OUTPUT  SPECTRUM 

Since  the  peak  in  Sy((u).  which  arises  fiom  a notch  in  the  input  spectrum,  can  inten 
fere  with  the  detection  of  signal  peaks,  it  ia  desirabie  to  examine  different  techniques  for  its 
elimination.  Perhaps  the  easiest  way  to  remove  the  peak  near  u>  ■ cUf  is  to  increase  A.  As 
seen  from  equation  (29),  the  peak  approaches  zero  as  Therefore,  increasing  A so 

that  A will  effectively  eliminate  it.  This  is  indicated  in  figure  lOA,  where  a family  of 
curves  for  Sy(w)  is  plotted  for  increasing  values  of  A.  It  should  be  noted  that  increasing 
the  ALE  delay  may  also  dccotrclate  narrowband  signals  whoae  inverse  bandwidths  are  much 
smaller  than  A. 

Another  way  to  eliminate  the  peak  at  t>  * j*  to  vary  j?,  which  is  related  to  the 
ANC  parameters  and  the  power  in  the  reference  sinusoid  throufli  equation  (4).  In  particular, 
if  0<  1 /L,  the  envelope  function  F^u)  in  equation  (3 1 ) ia  so  narrow  thxt  the  product  of 
F^(u)  and  xtfu)  >*  apprc^imately  zero.  (This  result  is  reasonable,  since,  rs  fi  aporr/sches 
zero,  the  input  to  the  ALE  becomes  uucorreiated  and  the  right  side  of  equation  ( 1 3)  approachea 
zero.)  Conversely,  as  d ia  incrcued  so  that  e'^^  < 1 , the  peak  of  the  envelope  function 
apfroaches  zero  (from  equation  (.32))  and  the  peak  in  Sy(cj)  near  oi  ■ cuf  is  eidininated. 

The  effects  of  varying  fi  on  Sy(<*))  are  indicated  in  figure  lOD,  where  a family  of  curves  for 
Sy  (cj)  is  plotted  for  increasing  fi. 

The  additioir  of  unconrebited  noise  of  power  to  the  AIJ5  input,  tuigeated  by 
Treichter  in  reference  19,  may  abo  be  another  way  of  sffoctively  reducing  the  poak.  The 
AI.E  input  power  spectral  drnaity  nav  w • («>r  ia  approKiat.  j|y  giw  by  S^(cu) 
where  Sq(u})  ia  gi^  by  equation  (15).  Note  that  the  efibet  of  ej^iatoiebuce  the  notch 
depdi.  iWefori,  from  the  **whibMiiig'*  flltar  amuneitt  preaaiHiid  earlier,  it  is  expected 
that  the  podc  in  Sy(6>t  near  w • wtti  be  fedveed.  Ftota  of  Sy(ci>)  aio  praaamad  bi  flgun 
1 1 for  tncraaaint  vtiuaa  of  Ai  noted  in  nformoe  19,  it « mcft  effoctive  to  modify 
the  ALE’i  adaptive  al|piithm,  rather  than  to  add  noiaa  to  the  ALE  input.  Such  a modiftca- 
tkm,  which  haa  the  aama  affect  aa  addiof  eoim  to  tha  ALE  input,  hM  bean  devefoped  ^ 
Treidkler  (rafeianoa  3),  and  cdbd  dm  *1ariqr  Lids’*  ilyirllhin.  It  diould  be  notad  that 
the  diaidvantagi  of  addhtg  noiaa  iolhe  ME  input  b dmt  the  ALE  inpm  d|wM  tn  nnini 
rutio  of  low  levM  aipnala  wid  be  AudMT  leduoad. 
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A final  technique  is  to  examine  Q(w)  * 1 1 - H*  (w)  I (with  A ■ 1 ».  This  quantity, 
which  has  been  referred  to  by  Griffiths  in  references  9 and  10  as  the  modified,  maxirnwr,  entropy 
spectral  estimate,  gives  sharp  peaks  at  the  signal  frequencies.  Furthermore,  as  can  be  seen  from 
equation  (26),  if  the  input  spectrum  contains  a notch,  (^cj)  in  the  limi^  of  large  L will  also 
contain  a notch,  luis  is  seen  in  figure  12,  where  Q(cj)  is  plotted  corresponding  to  an  input 
spectral  density  given  by  equa^  .)n  ( I S).  A possible  disadvantage  with  using  (Xcj)  is  that  the 
resolution  capabilities  of  Q(cu)  are  highly  dependent  on  the  inp*it  signal'to-noise  ratios,  and 
for  low  ratios  the  variability  in  the  peak  vaiues  of  Q<to)  ca,.  be  quite  stvere  (rcterentt:  I 0- 
Nevertheless,  the  use  of  Q(u>)  in  the  ALICE  processor,  as  eppesed  to  Sy(cu>,  may  prove 
quite  useful  in  certain  situations,  i.e.,  for  high  signal -to-noise  ratios,  and  should  be  further 
investigated. 


RfMe  1&  ni  nsaihilplaliqftfeMHiptfawiimti— .ty(ii)> 

9mk, 
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WEIGHT  VECTOR  NOISE  AND  TRANSIENT  EFFECTS  IN  ALE  RESPONSE  TO 
NOTCHED.  INPUT  SPECTRUM 

In  this  section,  we  will  consider  two  factors  inherent  in  the  LMS  algorithm  that  strongly 
affect  the  ALE's  oi:iput  power  spectrum.  The  first  is  the  level  of  the  background  no.Je 
sjKctrum  in  Sy(u7|.  which  mainly  arises  from  ALE  weight  vector  noise.  Tlie  second  is  the 
ALE  transient  response  time  to  a notch.  If  this  time  is  very  long,  the  peak  values  for  Syteo) 
(pages  8 through  17)  will  never  be  observed,  since  the  ALE  will  not  reach  its  steady-state 
behavior.  In  this  section  both  factors  will  be  examined  separately 

Background  Nobe  Level  in  ALE  Output  Spectrum 

To  determine  the  effects  of  weight  vector  rioise  on  the  ALE's  output,  we  will  derive 
an  expression  for  the  power  spectrum  of  the  output.  Sy(u)).  which  will  include  the  weight 
vector  noise.  To  do  this,  the  autocorrcletion  function  of  the  ALICE  output.  y(j).  will  be 
considered  first  (in  correspondence  with  the  treatment  in  reference  20).  The  expression  for 
the  ALE  (ALICE)  output.  y(j).  in  terms  of  the  ALE  input,  qO).  is  given  by 

L-1 

yO)  <vij01  + w*)q(j-k- A)  (37) 

In  equation  (37),  V|^(j)  L the  difference  between  the  instantaneous  values  of  the  weights 
determined  from  equation  (II)  and  the  Wiener  solution,  i.e., 

V|jO)2W,j(j)-wJ  (38) 

The  quantity  vvO ) represents  the  ALE  wei^t  vector  noise.  Its  statistical  properties  have 
been  derived  in  refenrnce  7.  and  are  further  discussed  in  references  20  and  2 1 . For  the  case 
of  unconclated  inputs,  V|((j)  is  a zen>mean  noise  component  with  variance  given  by  MALE 
p(0),  where  p(0)  is  equal  to  the  total  ALE  input  power.  Furthermore,  it  has  been  shown 
(reference  2)  that,  although  each  noise  component,  vf^fj),  is  highly  correlated  over  time,  the 
weight  vector  noise  component:  are  uncorrelated  from  weight-to-weight,  i.e.. 

E I V|j(j)Vk+„,(j>|  « Py^LF  P(0)«(i  - j)  . (39) 

where  6(k)  represents  a Kroneksr  d«IU  function. 

From  equations  (37),  (38|i,  and  (39),  as  well  as  a few  additional  asnimptions.  wt  can 
derive  some  statiaticai  properties  of  y(j)-  In  particular,  the  mean  of  y(j)  is  obtained  from 
equation  (37); 

bl  bl 

E(ya)|  E l¥^0)q(i-k-A)|  wj  E(q(j-k-A)l.  (40) 

k-0  k-0 
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Each  surr.  in  equation  (40)  vanishes,  if  qO)  is  approximately  uncorrelated,  which  is  a very  good 
approximation  for  ^ < I (see  equation  (17)).  In  particular,  for  the  case  of  uncorrelated 
inputs,  it  has  been  sliown  (reference  2)  that  V]^(j)  is  uncorrelated  with  q(j)  and,  therefore, 
the  first  sum  on  the  right  side  of  equation  (40)  vanishes  since  V|^(j)  is  zero  mean.  Also, 
assuming  the  uncorrelated  noise  component  in  the  primary  is  zero  mean  and  that  the  ANC 
may  be  approximated  by  a linear,  time-invariant  filter  (a  good  approximation,  references  1 
and  2),  then  qO)  is  also  zero  mean  and'  the  second  sum  on  the  right  side  of  equation  (40) 
vanishes. 


The  autocorrelation  function  of  y(j),  ry(fi).  may  also  be  obtained  from  equation  (31): 

L-1  IM 

(vjjO)  + wj)  (Vjj»  (j+fi)  ^ ./J.)  (q(j  - k - A)) 

(41) 


ry(fi)  = E {/:))>. j + C)i  = y Se 


k = 0 k'  = 0 I 

qO  + fi-k'-A) 

Using  the  previous  assumptions  as  well  as  equation  (39),  we  have 

L-1  L-1 

ry(*^’ / y wj*  wjj»  p(2  + k -k')  . 

k « 0 k'^0  * 

The  meaning  of  each  teim  on  the  right  side  of  equation  (42)  becomes  clearer  upon  trans- 
forming ry(K)  to  obtain  the  power  spectrum,  Sy(u;): 


(42) 


90 

S./tu)  = ^ ry(«)e-j«^® 


g:.-00 


(43) 


fhe  second  term  on  the  right  side  of  equation  (43)  is  the  output  power  spectrtim  from  an 
ALE  with  negligible  misadjustment  noise.  (This  term  was  analyz^  on  pages  8 through  1 7.) 

The  first  term  on  the  right  side  of  equation  (43)  is  a scaled  version  of  the  input  pow  r spectrum, 
Sq((u),  and  arises  from  the  weight  vector  noise  of  the  ALE  adaptive  algorithm.  A typical 
plot  of  Sy(cu).  calculated  from  equation  (43),  is  presented  in  figure  13.  The  peak  in  Sy(oj) 
nerr  cu  ■ a.'|.  is  observed  in  contrast  with  the  background  weight  vector  noise  level,  S^.  The 
magnitude  '^f  this  noise  level,  Sy,  is  approximately  given  by 

(from  equatioiu  (10)  and  (43)). 
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Sy(u) 


13.  Theoretical  plot  of  the  output  power  spectrum,  Sy(w),  which  indudei  the  effect*  of 
weiipi*  vector  noise,  fi  ■ 0.05 ; L ■ 200;  • 1 ,0;  A ■ 1 ; and  • 

The  detennining  factor  in  whether  the  peak  it  observed  in  Sy(w)  it  the  ratio  R of  the 
peak  magnitude  to  tfie  background  noiac  level,  . This  ratio  it  approximately  given  by 

R ••  1 .4  • 

urom  cquationt  (36)  and  ^44)).  When  |iaLF»?L  R becomee  quite  1**1®  »nd  the 

peak  in  Sy(t<*)  near  cu  ■ cuf  it  clearly  observed.  Vice  versa,  for  small  values  of  e.g., 

A > 6'  ^ • R decreases  in  value  and  the  peak  is  lost  in  the  background  weight  vector  noise 
level  of  Sy((i>)-  It  it  interesting  to  note  that  in  this  latier  case  tH*((*>)t^  approaches  zero  (as 
discussed  on  pages  8 throu^  1 7),  and  that  the  shape  of  Sy(w)  njsemWes  that  of  the  notched 
input  spectrum,  Sq(cd)  (see  equatkm  (43)). 


Transient  Response  Time  To  a Notch 

It  hais  been  shown  (references  7 and  8)  that  by  diagonalizing  the  g matrix  in  equation 
(13)  the  transients  in  the  mean  ALE  weight  vector  will  consist  of  sums  of  exponentials  with 
time  constants  given  by 


1 


(46) 


where  Xp  is  the  pth  eigenvalue  of  In  general,  a precise  treatment  of  the  dynamics  of  the 
ALE  is  very  complicated  because  of  difficulties  associated  with  diagonalizing  g.  Even  for  the 
special  case  of  a notched  input  power  spectrum,  given  by  either  equation  (10)  or  equation  (IS), 
a closed-form  expression  for  the  eigenvalues  of  the  corresponding  g matrix  for  arbitra 
and  coi-  has  not  been  derived.  However,  as  noted  by  Treichler  (reference  19),  when  the  product 
0L  is  much  smaller  than  one,  the  autocorrelation  function  of  q0)>  viz,  p(S),  closely  resembles 
that  for  a sinusoid  in  white  noise  (see  equation  ( 1 7)).  Theiefore,  under  the  assumption  that 
dL  < 1 , Treichler  (reference  19)  shows  (in  correspondence  with  the  analysis  in  reference  3)  that 
the  ALE  time  constant  for  a notch  is  approximately  given  by 


^NOTCH 


^ ,jJL<l. 

2#‘ALE<'o  (•-^L/2) 


(47) 


It  is  interesting  to  compare  equation  (47)  with  the  ALE  time  constant  for  a sinusoid 
with  power  al  in  white  noise  with  power  o^: 


J — (48) 

2(^AL£  ^^0"^  ^s 

(front  refetence  3).  Comparing  equations  (47)  and  (48)  reveals  that,  with  respect  to  the  ALE 
convergence  time,  a notch  in  white  noine  may  be  thou^t  of  as  a sinusoid  with  negative  power, 
-Oq0,  in  the  limit  of  small  0L.  This,  in  turn,  implies  that  the  ALE  rewponst  time  to  notches 
wiO  generally  be  longer  than  the  ALE  response  time  to  signals.  It  must  be  emphasized  that 
these  transient  remits  are  only  valid  for  0L  < I . A more  general  treatment  of  the  ALE  trans- 
ient respemse  to  notches  hrs  not  yet  bi  n attempted. 

EXPERIMENTAL  RESULTS 
ALE  RESPONSE  TO  A NOTCHED  INPUT  SPECTRUM 

In  this  section,  experimental  plots  cf  the  steady-state  ALE  output  power  spectrum 
are  presented,  where  the  input  spectram  consists  of  a notch  in  white  noise.  The  input,  qO). 
is  generated  by  passing  white  noise  into  the  primary  channel  of  an  ANC  and  pasaini  a sine 
wave  with  voltage,  V^f,  Into  the  reference  channel  of  an  ANC  (figure  14).  The  ANC  used 
in  these  experiments  was  built  it  NOSC,  whereas  the  ALE  was  built  at  the  Autonetics  Dirdsion 
cf  Rockwell.  In  all  experiments,  the  sample  frequency  was  2162  Hz. 
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a:  “4 


Figure  14,  Test  setup  used  tc  generate  ALE  output  power  spectrum.  The  nolle  bandwidth  wu 

I kHz  and  the  noise  voltage  wu  O.d-V  rmt. 

The  first  set  of  experiments  (figures  IS,  16,  and  1 7 ) was  performed  to  examine  the 
effect  of  increasing  the  ALE  delay.  A,  on  the  ALE  output  power  spectrum.  As  previously 
discussed  such  an  increase  should  decorrelate  the  notch  and  therefore  eliminate  the  peak  Sv(co) 
near  the  notch  frequency  (see  pages  8 through  17).  This  is  clearly  observed  in  figures  IS  tlvough 
1 7,  where  A is  increased  from  200  to  1000  samples  or,  equivalently,  from  93  to  463  msec. 

When  A * 200  samples,  the  peak  in  Sy(oj)  is  obviously  evident  (figure  ISB).  in  figure  1 SD, 
the  fine  structure  of  the  peak  can  be  examined  in  more  detail;  in  particular,  a null  in  the 
center  of  the  peak  is  evident.  The  presence  of  this  null  is  in  agreement  with  the  analytical 
results  obtained  on  p<iges  8 through  1 7.  Also,  a comparison  between  the  3-dB  width  of  the 
peak  in  figure  1 SD  and  the  3-dB  notch  width  in  figure  1 5C  reveals  good  agreement  within 
the  noise  variances  of  the  spectrum  plots.  This  is  also  in  Mncment  with  the  analytical 
results  on  pages  8 through  1 7.  When  A is  increased  to  350  samplei,  the  peak  it  flattened 
(figures  16B  and  16D).  When  A * 1000,  the  notch  is  completely  decorrelated  by  the  ALE, 
and  the  ALE  output  power  spectrum  also  contains  a notch  (figure  1 7D).  This  is  in  agreement 
with  the  discussion  on  pages  22  through  25 . 

fn  figures  18,19,  and  20,  the  effects  of  increasing  the  notch  width  on  the  ALE  output 
are  examined.  As  0 increased,  the  peak  in  the  ALE  output  power  spectrum  will  eventually 
decrease  (see  pages  1 7 through  2 1 ).  This  is  clearly  evident  in  the  figuTes.  where  the  reference 
voltage  is  increased.  Increasing  V»f  also  increases  0 (equation  (4)).  In  figure  1 8,  where 
V^f  > 0.6-V  rms,  a large  peak  in  Sy(L>)  ir  obaervcd  at  the  notch  frequency.  However,  when 
VfQf  is  further  increased  to  \ .3-W  rms  (figure  19).  the  peak  is  flattened.  When  is  further 
incieaaed  to  1 .S-V  rmi  (figure  20),  the  product,  fiA,  la  Urge  enougli  so  that  the  ALE  has  com- 
pletely decorrelated  the  notch  and  a notch  now  appears  in  the  output  power  spectrum  (in 
accordance  with  the  diacuMion  on  pagec  22  tluough  25). 
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A.  ALE  input  ipnctnim  from  0 to  1 klh. 
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AUCE  RESPONSE  TO  NOTCHES 


In  this  section,  results  of  experiments  performed  on  a hardware  implementation  of 
ALICE  (designed  and  built  by  Rockwell)  ar:.  presented.  This  particular  device  implements 
both  the  ANC  and  ALE  in  one  unit  and  represents  a realistic  implementation  of  ALICE. 

The  purpose  of  this  section  is  to  establish  a range  of  values  for  some  of  the  ALICE 
parameters  so  that  undesirable  peaks  in  the  ALICE  output,  which  arise  from  cancelling 
sinusoidal  interferences,  can  be  eliminated.  For  these  experiments,  the  m.  its  to  the  primaiy 
channel  of  the  ALICE  consisted  of  white  noise  and  a sine  wave.  The  noise  bandwidth 
was  1 kHz  and  the  noise  voltage  was  I-V  rms.  The  frequency  of  the  sinusoid  in  the  primary 
channel  was  200  Hz  ai!d  the  voltage  was  0.1 -V  rms.  The  inputs  to  the  reference  channels  were 
two  sinusoids  at  200  and  4S4  Hz.  The  voltages  of  the  200-  and  454 Hz  sinusoids  were  0. 1-V 
rms  and  O.S-V  rms,  respectively,  and  the  sample  frequency  was  2162  Hz.  A diagram  of  the 
experiment  is  in  figure  21  and  a plot  of  the  power  spectrum  of  the  primary  input  is  in  figure 
22.  The  input  to  the  ALE  part  of  the  ALICE  processor  consisted  of  two  notches  at  200  and 
454  Hz. 


In  the  first  set  of  experiments  (figures  23,  24,  and  25),  the  ALE  delay  was  varied 
from  200  to  1000.  The  adaptation  parameters  were  set  to  * 2”’*®  and  My^L£  * 2"^^. 

In  addition,  N was  set  equal  to  87  and  L to  638.  The  trends  of  the  experiments  were  similar 
to  those  in  figures  15,  16,  and  1 7.  In  figure  23 A,  a plot  of  the  ALICE  output  power  spectrum 
is  presented  1 minute  from  the  start  of  adaptation  for  A ■ 200;  there  are  no  large  peaks  at 
the  notch  frequencies.  (As  noted  on  pages  22  through  25,  the  ALE  ada  ttlon  of  time  for 
notches  is  generally  much  longer  than  the  ALE  adaptation  time  for  signals.)  In  figure  23B, 
which  was  made  5 minutes  after  the  start  of  adaptation,  two  peaks  at  the  notch  frequency 
are  clearly  visible.  Even  when  A is  increased  to  500,  two  peaks  are  still  evident  (figure  24B). 
However,  when  A is  increased  to  1000,  the  peaks  at  the  notch  frequencies  are  gone  after  5 
minutes  of  adaptation  (figure  25B). 

In  figures  26,  27,  and  28,  the  widths  of  both  notches  in  the  ALE  input  spectrum 
have  been  increased  by  increasing  maNC  keeping  the  values  for  N,  and  L 

the  same  as  in  figures  23  through  25.  The  ALE  delay  is  then  once  again  varied  from  200  to 
1000  samples.  When  A ■ 200  samples,  peaks  at  the  notch  frequencies  can  be  seen  after  5 
minutes  of  adaptation  (flgure  26B).  However,  when  A is  increased  to  500  and  1000,  the 
products  of  the  notch  widths  and  A are  large  enough  su  that  AUCE  has  completely  decor- 
related  the  notches  and  the  notches  now  appear  in  the  AUCE  output  after  5 minutes  of 
adaptation  (figures  27B  and  28B). 


FiguR  22.  Powsr  spectrum  of  the  primaiy  input  to  AUCE. 


^3.  ALICE  output  power  ^>ectn  for  A « 200  and  iiaNC 
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HguK26.  ALICE  output  poweripectra  for  A = 200  and  maNC  * 
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CONCLUSIONS 


In  this  report,  the  response  of  an  ALE  to  a notched  input  spectrum  was  examined.  In 
particular  it  was  found  that  when  the  input  to  an  ALE  consisted  of  a notch  in  flat  noise,  the 
steady-state  ALE  output  spectrum  contained  a peak  at  the  notch  frequency.  !n  general,  the 
ALE  response  time  to  the  notch  was  much  longer  than  the  ALE  response  time  to  a signal. 
However,  once  the  peak  in  the  ALE  output  power  q^ctium  appear^  at  the  notch  frequency, 
its  presence  coukl  interfere  with  the  detectim  of  other  rignal  peaks.  Therefore,  different 
methods  of  eliminating  the  peak  were  examined.  It  was  found  that  increasing  the  ALE  delay 
would  decorrelate  the  notch  and  thus  eliminate  the  undesirabie  peak.  It  was  also  found  that 
by  increasing  the  notch  width,  the  peak  could  be  ebminated.  Another  method  included  the 
addition  of  unco/related  noise  to  the  ALL  input.  Experimental  data  indicated  the  validity 
of  these  analyses. 
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